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& 4dn (Za)2 > (120 +1)Y ab— 3 a? = (4n + 1) (Zaz_zab) >0

that is true.

Nicusor Zlota

W11. (Solution by the proposer.) First, we observe that there are
numbers satisfying the equality stated, for instance, 1,2,4, and 5. To prove
the statement we argue by contradiction. Suppose that there exists four
positive integers x,y, z,¢t with x > y > 2z > ¢ such that
' p— =zt
Yy

?taz— 22 =42+ yt —t2 and p = zy + 2t is prime. Substituting z =

in the expression z? + rz — 22 = 32 + yt — 12, we get

p—=2t\* (p—=zt 2 _ 2 2
” + ” =z =y " +yt—t

and reordering terms, yields

p(p — 22t +yz) = (v + 2°)(y° + yt — 2)
Since p is prime, then p divides y? + 22 or divides y? + yt — ¢

o If p|y* + 2°, then 0 < y? + 22 < 22y < 2(xy + 2t) = 2p and this implies
y?2 + 22 = p = xy + 2t from which follows y|z(z —t). Since zy + 2t is
prime, then ged(y, 2) = 1, and therefore, p| (2 — t) which is impossible
because 0 < z —t < z < y.

o If p|y? +yt —t2, then 0 <yriyt-—t?< 2(xy + zt) = 2p and this
implies y? + yt — t? = p. That is, zy+ 2zt =y? +yt—t2 =22 — 22 — 22
from which follows | 2(z + t) and y | ¢(z + t). As ged(zy, 2t) = 1, then
z|(z+1t) and y| (2 +t). Since 0 < 2+ ¢ < 2z and 0 < z + ¢ < 2y, then
z+t=ux and 2+t =y which is impossible.

The preceding contradictions let us to conclude that zy + 2t is composite.
]

W12. (Solution by the proposer.) The limit equals 4¢” where v denotes
the Euler-Mascheroni constant. A calculation shows that

1
On = Yon — §7n+1n2+1n\/ﬁa
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where v, =1+ 1 5+ + —Inn.
Let y,, = ZO" ) > 1. We have

) In(i+yn)—yn
T, = _1_ ( 20 )n _ leln(l—i—wn) _ len(\;j’n Y yn+yn) _
n

n n n

1 lUtyn)-yn ny24n 1 InQityn)-yn 2
YR/ yn —=t¥n)—yn
= —¢ ’Un Yn Yn = —¢ Yn Yn . enyn

n n

We have lim ny2 = 0 and, since lim Yn = 0, we get that
n—oo n—oo

lim % = ﬁ%. On the other hand,
—00 Yn

"Yn = 20p =299, — v, + Ind +1nn
and it follows that

In(1+yn)—yn ny?
n

Tn =€ y2 . 62'72n~7n+1n4
which implies lim z,, = 4¢7.
n—o00
. no1 20, .
Second solution. Let h,, := >. = and o, := =  Since
n

k=1

1 20, \" 1
lim —( n) = lim _(1+an)n: lim 6nlr1(l+0m)—lnn

n—00 N, n n—oo N, n—00

we will find

lim (nln(1+ a,) —Inn).

n—oo

Noting that O,, = hy,, — §hn and Inn+v < hy, <In(n+1) + ,
where v 2 0.5772... is Euler’s constant we obtain

2(In(2n) +v)—(In(n + 1) + ) < 20, <2(In@2n+1)+y)—(Inn+v) <

An? 2n +1)>
= In 2 +’y<20n<ln(n;)+7c:>
n+1 n

n n-+1 n

1 4n? 1 2n 4 1)?
<:>—(ln o +'y><an<;(ln(n;)+7)
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Since

1 4n? 1 2n + 1)
lim — (ln n +”y> = lim — (Inw +’y> =0
n—00 1N n+1 n—oo 1 n

then by Squeeze Principle lim «, = 0.

n—00
Furthermore, lim naZ = 0 as well. Indeed, since
n—00

o\ 2
1 4n? \? 1 2 + 1)?
—<7+ln o ) <nai<—(7+ln(—nt—)>
n n+1 n n

and
4n? on + 1)2
v+ In ] ~+In (2n+1)
lim ntl _ jim -1
n—»00 Indn n—00 lndn
then

1 an? \’ 1 (2n + 1) ’
lim —(’y+ln ) = lim (”y+ln—~7) =
n—00 1, n+1 n—00 1N n

n—r00 n n—o0

Vn

C 1n%4n . Indn\ 2 . Inn+1n4d 2 . Inn
= lim = lm(|[—) = lim —— ] ={ lim —
—00 \/ﬁ

n—00 \/17

2

Using inequalities x — % <In(l1+2z) <z,z>0and (1) we obtain

603

¢

)2_0.

4n? 2 2
lnmnn_*_—l)—i—fy—~”gn <nan—gg—"—lnn<nln(1+an)_1nn<
< Inm < 2t 1)? P A2 N no? _
no, — INnn n-——m—— n— _
n 2 v wnt 1) ¥ 5

2n + 1)
<nln(l4+a,)—Ilnn< lnL??;—) + 7.

Since

An? 2+ 1)?
T N CU
n—soo  nn+1) n-ooo n2

= In4
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and

lim na? =0
n—o0

then by Squeeze Principle we obtain

lim (nln(14+ap) —Inn)=In4 + v

n—o0

and, therefore,

1 2 n
lim — (1 + On) = lim ™47 = 4¢.

n—oo 11 mn n—oo

Arkady Alt

n

1 1
Third solution. Let h, = > T Since O,, = hop, — §hn and
k=1

Inn+~v < h, <ln(n+ 1)+, where
~ & 0.5772... is Euler’s constant 6 then

1 1
ln(2n)-|—’y—§(ln(n+1)+’y) < Op, <ln(2n+1)+7—§(lnn+7) =

2n 7y 2n+1 7y
— 1 + - <0, <l + =
n( n—i—l) g = Yn n( Jn ) 2

l ( 2n )<a <ln<2n+1)
n b
2v/nvn+1 " 2n

where

1 ,
o, :=On—1n(2\/ﬁ)—%:()n—glnn—%—lnz

1 .
Hence O, = 3 Inn + % +In2+ a,,n € N and by Squeeze Principle
lim o, =1nl1=0.

n—oc

Note that

n 20,
lim l (1 + 20") = lim enln(HT)_]nn.

n—o0 N n n—o0

2

Since In (1 + ) :m—%—{—o(aﬁg) ,z > 0 then
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¢ ) 9
nin 1+20n —Inn=n 20"+4O"+0 % —
n n 2”2 nQ

2

. 207 0 20 0?2
=20,+—2+o0 (—”) —lnn=Inn+2In2+~v+2a, + —2+o0 (—") —Ilnn =
n n n n

202 o2
=2In2+ v+ 2a,, + "-{-0(—”)
n n

and, thertefore

20 | 202 02
lim (nln (1+ n) —lnn) =2In2+~+ lim <2an+ "+0<J>> =
n—00 n n—00 n n

) 2 2
=2ln2+ v+ lim ( O"—{—O(Q—ﬂ)) =2In2+~

N—>00 7 n
because
.02 In’n , 0?2
lim —2 = lim =0 = limol—2)=0.
n—oo 7m n—o00 n n—00 n
Thus,

1 20, \" .
lim — (1 + n) = lim €22+ = 4¢7.

n—o0 1N n

Arkady Alt
W13. (Solution by the proposer.)The limit equals

el,pzl

We have that




